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This paper deals with making a nominal choice from a class of discrete univariate probability dis- 
tributions about which one has "incomplete information" such as componentwise bounds, a component- 
wise ranking, or both. In some cases an initial distribution is provided, to be "adjusted" so as to be com- 
patible with the incomplete information. The first part of the analysis systematizes and unifies the con- 
tents of four earlier papers treating such problems using a minimax-error or minimax-adjustment ap- 
proach. The second part applies the same approach to situations in which an "aggregate" of the desired 
distribution is stipulated, either exactly, or approximately by componentwise bounds. All problems 
discussed in the paper can be formulated as linear programs, but relatively explicit solution methods are 
sought; unresolved difficulties arising in this attempt are identified. 
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1. Introduction 

In the mathematical modeling efforts associated with an operations research study, it may be 
necessary to attribute numerical values to the probabilities of the various possible outcomes of some 
chance event, even though the information at hand is not sufficient to determine this probability dis- 
tribution uniquely. Under these circumstances, it seems useful to have a systematic and reproduci- 
ble method for selecting some one distribution from among those compatible with the available data, 
preferably for use as a "base-point" or "nominal case" for a subsequent sensitivity analysis. 1 

The paper which follows is the fifth in a series exploring one approach to this problem area. As 
before, attention is confined to discrete univariate distributions; 2 such a distribution will be 
represented by a real n-vector x which is a probability vector, i.e., its components xi are nonnega- 
tive and sum to unity. The "incomplete information" about the "true" distribution is summarized as 
a constraint xeP, where P is a closed bounded subset of n-space. 

By the minimax error selection problem for P, we mean the problem of choosing xeP to 
minimize 

F(x) = max {max? | x\ — y% | : yeP}. (1.1) 
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1 NBS colleague R. C Sansing, to whom (along with M. H. Pearl) I am indebted for a careful reading of the paper and for numerous helpful suggestions, points 
out that such a method might also prove useful to Bayesian data analysts in choosing a prior distribution consistent with the partial information at hand. 

2 A bivariate application will be given in [5]. 



The corresponding weighted problem for a vector w of positive "weights" {wi}\ n , is that of choosing 
xeP to minimize 

F(x; w) = max {max, wt \ x\ — y\ \ : yeP}. (1.2) 

This corresponds to the situation in which errors in the attributed probabilities of some outcomes of 
the chance event are significantly more serious than errors in the attributed probabilities of other 
outcomes. 

The analysis of such problems can be facilitated by noting that F(x; w) admits the more explicit 
representation 

F(x; w) — max* max {wt(Mi — %i), Wi(xi — nn)} (1.3) 

in terms of the quantities 

Mi = max {yt : yeP}, (1.4) 

tth = min {y\ \\ yeP}. (1.5) 

This follows from the commutability of the three "maximum" operators in 

F(x; w) = max ye /> max? max {w% {x\ — yi), wi (yt — xt)}. 

In view of (1.3), the weighted selection problem can be rephrased as that of selecting a number 
z and an n- vector x so as to minimize z, subject to constraints 

z^Wi(Mi- xd (alii), (1.6) 

z ^ wt (xt — mi) (all i), (1.7) 

xef\ (1.8) 

If P is the solution-set of a finite family of linear equations (e.g., XiXi = 1) and/or inequalities (e.g., 
Xi 22 0), then this problem is a linear program once the values of Mi and mi are known; moreover Mi 
and mi are themselves determinable as the extremal values of linear programs. All the particular 
cases described below can in fact be solved numerically by standard linear programming methods; 
however, we set a higher standard, expecting that the special form of these linear programs admits a 
solution algorithm which is more explicit (nearer to "closed-form"). The degree of explicitness de- 
manded can best be understood by examining the previous papers [1-4], 3 or the material in section 2 
of the present paper. 

The information expressed by the condition xeP maybe accompanied by information (e.g., data 
on some past analogous situation) suggesting an estimate of the desired distribution. We assume 
that this estimate, if present, is given as a probability n- vector a, which is to be "adjusted as little as 
possible" to yield a distribution xeP. This leads to the minimax adjustment problem for (a, P), of 
choosing xe/ 3 to minimize 

C(x) = maxj | Xi — m |. (1.9) 

Again there is a more general weighted problem, that of choosing xeP to minimize 

G(x; w) = maxj Wi \ Xi — a? |. (1.9a) 

Such a problem can in turn be rephrased as that of selecting a number z and an n-vector x so as 
to minimize 2, subject to the constraints 

z^Wiixi- ai) (alii), (1.10) 



3 Figures in brackets indicate the literature references at the end of this paper. 



z^Wi(a,i- xi) (all/), (1.11) 

xe/> - (1.12) 

This too is a linear program when P is the solution-set of a finite family of linear equations and/or in- 
equalities; once again the cases to be discussed are accessible numerically to linear programming 
techniques, but once again we seek more explicit solution algorithms. 

The present paper has three distinguishable purposes. The first is to provide a more unified and 
systematic account of the material in [1-4] than was apparent when that material was first worked 
out. The second objective is to invite the attention of colleagues to some desired generalizations 
which as yet have proven recalcitrant in terms of the "more explicit solution algorithm" criterion 
mentioned above; the analysis of these generalizations will be carried here to the point where the 
mathematical difficulty becomes explicit, in the hope of stimulating others to resolve these difficul- 
ties. 

The third goal is to apply this general methodology in a new area: that of disaggregating a given 
or "approximately given" probability distribution. The hypothesized situation here is that probabili- 
ties have been observed or estimated, for the outcomes of the chance event in question, according 
to some relatively crude classification of these outcomes; the problem at hand is to attribute numeri- 
cal probabilities to the outcomes as specified in some finer classification. In other words, probabili- 
ties are given for "super-events" Ej each of which is a collection of mutually exclusive elementary 
events £#, and the aim is to specify the probabilities of the Eifs "optimally" in the sense of the 
minimax criterion used here. Readers familiar with "real-world" data-analysis and modeling 
problems will readily recognize how such problems can arise. 

The following material is organized as follows: section 2 contains descriptions of, and status re- 
ports on, several subproblems to which our main problems can be reduced; section 3 both unifies 
and summarizes the cases satisfactorily treated in the four earlier papers, and also shows how the 
as-yet- unresolved generalizations of these cases reduce to certain of the subproblems presented in 
section 2. 

In section 4, we consider the "minimax error selection" and "minimax adjustment" problems 
for the "disaggregation situation" described above, assuming that the distribution to be disag- 
gregated is known exactly. The unweighted versions of these problems, and a restricted class of 
weighted versions, are shown to be solvable. Section 5 establishes the analogous results for the case 
in which the "crude" distribution is specified only in terms of upper and lower bounds on its com- 
ponents. 

One further technical point should be noted. The problems described above will all be reduced 
to the form: choose number z and n- vector x to minimize z subject to certain constraints. In general, 
the extremal solution is not unique; along with z min one has a convex polyhedron of optimizing x's 
rather than a single x. A plausible "representative choice" from this polyhedron is the centroid of its 
vertices. The determination of this centroid is treated in some detail in section 5 of [1 1 and section 3 
of [2], for the particular cases studied in those papers. These detailed treatments are regarded as 
adequate indications of how the analysis might go in other cases; thus the "centroid" approach to 
resolution of nonuniqueness is not taken up explicitly in [3] or [4] or the present paper. 

2. Subproblems 

In this section we describe several subproblems which will arise later, and report on their status 
as regards effective solution-methods. The reader may prefer to skip this section at first, coming 
back to it as the individual subproblems arise. 

Problem I: Given m- vectors A and B, and number S, find an m- vector y such that 4 

A^y^B, (2.1) 

2*K* = S. (2.2) 



* Inequalities between vectors are to be interpreted componentwise. 



Obvious necessary conditions for a solution to exist are 

A ^ B, (2.3) 

U^S^SA. (2.4) 

These conditions are also sufficient. For if they hold, then when A = B we can set y = A and satisfy 
(2.1) and (2.2). When A^Bwe can define 

S = [S - Z k A k }l& k B k -Z k A k ] 

so that ^ ^ 1 by virtue of (2.4), and then satisfy (2.1)-(2.2) by putting 

y = (l- B)A + 9B. (2.5) 

Problem II. Given ra-vectors A and B, and number S, find an /n-vector y satisfying not only (2.1)- 
(2.2), but also 

y x ^ j 2 ^ . . . ^ y m . (2.6) 

Here it is convenient to define nondecreasing sequences {A k '}i m and {B k '}\ n \ forming the com- 
ponents of respective vectors A' and B\ by 

Ak = maxj^j, B k = minj^ k Bj. 
Obvious necessary conditions for a solution to exist are 

A'^B' (i.e.,^fi/ for ;*£/), (2.7) 

£»*;<S<£*0£ (2.8) 

That these conditions are also sufficient follows from the same construction as above, applied to A' 
andB'. 

Problem III: Given m- vector Z, positive m- vector v, and number S, find the minimum value z* of z 
such that z ^ and 

£*max{0,Z* -z/v k }^S. (2.9) 

An obvious necessary condition for the existence of a solution is 

S^O. (2.10) 

That this condition is also sufficient is shown in section 2 of [4], where the following solution al- 
gorithm is justified subject to (2.10) as hypothesis. 

First delete all Z k ^ from the problem; if no Z k are left then 2* = 0. Suppose some are left; 
choose Z m +i =0 and any v w+ i > 0, and renumber so that 

V1Z1 5* V2Z2 **...** V m Z m > Vm+lZm+1^0. (2.11) 

The sequence {Z k *}\'" +1 defined by 

Z k * = ^Zj-v k Z k ^{llvj) (2.12) 

is calculable by the recursion 

Z A -+i* =Z** + (v k Z k - Vk+iZ k+ i) Zi k (llvj) 

and initial condition Zi* =0. Unless X k Z k < S (in which case z* =0), there is a unique Je {1, 2, , 

m) such that 

= Z!*^Z 2 *^.. .^Z/<S^Z/+i*^ . . .^Z m+1 *. (2.13) 
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In terms of this 7, 

Problem IV: Given m- vector Z, positive m- vector v and number S, find the minimum value z* of z 
such that z ^0 and 

z - £* max {(), Z k - zhk] ^ S. (2.15) 

This problem, not taken up explicitly in the earlier papers, will now be solved. The left-hand 
side of (2.15) is a continuous increasing function of z, bounded neither above nor below. The problem 
therefore always has a solution, and that solution is z* = if and only if the value of this function for 
z = is ^ S. From now on we assume the opposite case, 

S + 2*max{0,Z A .}>0; (2.16) 

in this case z* is the unique value of z for which equality holds in (2.15). 

Clearly all Zk ^ can be deleted from the problem. If none are left, then z* =S; from now on we 
assume some left. SetZ„,+i =0, choose any v m +\ > 0, and renumber so that 

V\Z\ ^ V2Z2 ^ . . . ^ VmZm > Vm+lZ m +l=0 (2.17) 

Define a sequence {Z k *}\ m + l by 

Z k *=v k Z k [l+Xi k aivj)] - Si%; (2.18) 

it can be calculated from the initial condition Z\ * = v \Z\ and the recursion 

Z k+1 *=Z k * + (v k+1 Z k+1 - wjbZfcJU + Vd/wj)], 

which shows the sequence to be nonincreasing. Since (2.16) with strict inequality (and all Z k > 0) 
implies S > Z w +i*, there is a least Ke {1,2, . . . m + 1} for which S >Z K *. 
If z ^ vkZk* then 

z — 2a- max {0, Z k — z/v k } ^ z — Zi K (Z k — z\v k ) 

= z[l + 2i*(l/i>;)] - 2i% 

^v x ZAl + 2i K (llvd]-2,i K Zj 

=z K *<s, 

so that (2.15) is not satisfied. But if K > 1 and VrZr < z ^ Vk-iZk-u then (2.15) becomes 

z-Xit-^Zk-zM^S, 

which is equivalent to 

z^z* = [S^Z* + S]/[1 + Si*" 1 (IK)]. (2.19) 

The value of z* proposed in (2.19) is readily verified to satisfy vkZk ^ z* ^ vk-iZk-u an d so is indeed 
the smallest z ^ satisfying (2.15). Finally, if K= 1 so that S > Z* =v\Zu then v\Z\ < z turns (2.15) 
into z ^ S, so that 

z*=S (forK=l). (2.20) 

Problem V: Given m-vector Z, positive m-vector v and number S, find the minimum value z* of z 
such that z ^ and 

l k max {0, maxj ^ k (Zj - z/vj)} ^ S. (2.21) 
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We do not presently have a satisfactory solution method for this problem, not even under the 
additional assumption 

< Zx ^ Z 2 ^ . . . ^ Z m (2.22) 

which will sometimes hold when the problem arises later. Note however that if Z and v are similarly 
ordered, in the sense that there exists a permutation n of {1,2, . . ., m} for which 

Z 77 (i) ^ Z 7T (2) ^ . . . ^ Z„-( m ), 
Vtt{\) ^ V n (2) ^ . . . ^ Vnimh 

both hold, then the problem can be handled by previous methods. For in this case, for each 
ke {1,2, . . ., m] there is a p( k)e {1,2, . . ., A:} such that 

Z P ( k) = maxj ^ a-Zj, v P ( k ) = max^ k vj, 

so that forz ^ (2.21) is equivalent to 

2 a- max {0, Z p ( k ) — zlv p ( k )} ^ S 

and we are back to an instance of Problem III. This comment will, of course, in particular apply 
whenever either all Z k are equal or all Vk are equal. 

Problem VI: Given m-vector Z, positive m- vector v and number S, find the minimum value z** of z 
such that z ^ and 

2a- minj ^ a- {Zj + z/vj) ^ S. (2.23) 

Here too, a solution method is presently lacking in the general case. Suppose, however, that Z and 
v are oppositely ordered, in the sense that there exists a permutation n of {1,2, . . ., m} for which 

Z n {\) ^ Z 7r ( 2 ) ^ . . . ^ Z^m), 
Vjrd) ^ V n (2) ^ . . . ^ VTrim) 

both hold. Then for each ke {1,2, . . ., m}, there is a p(k) e {k,k-\- 1, . . ., m} such that 

Zp(A-) = minj^ a-Zj, v P (k) — maxj^Vj. 

Then for z ^ 0, (2.23) is equivalent to 

2a-(Z />( a-) + z/^(a-))^S, 

so that in this case z** is given by 

z** = max {0, [S - XkZtmyMUvpik))}. (2.24) 

This of course applies, in particular, if all Za are equal or if all v k are equal. 

Problem VII: Given m- vectors Y and Z, positive m- vector v and number S, find the maximum value 
z* of z such that z ^ and 

2a- max {Y k , maxj <= k(Zj — z/vj)} ^ S. (2.25) 

This has Problem V as a special case (Y = 0), and so also at present lacks a satisfactory solu- 
tion method except when Z and v are similarly ordered. 

Resolution of the three Problems (V, VI, VII), presented so far as in the "unsolved" category, 



would (as demonstrated later) yield solution methods for the "weighted" versions of the problems 
whose unweighted cases were solved in [2-4 1. 

We turn now to problems associated with the new "disaggregation" considerations taken up in 
sections 4 and 5. These involve a partition of {1,2, . . ., n} into nonempty sets {Sj}i m . For any n- vector 
x, and any subset Tof {1,2, . . ., /i}, we set 

x(T; = S {xwieT} = Xu&u (2.26) 

Problem VIII: Given Ai-vectors A and B, ra-vectors s~, and s + , and number 5, find an n- vector x such 
that 

A ^ x ^ B, (2.27) 

S/*, = S, (2.28) 

sf ^ xfSjJ ^ sj + for 1 ^ j ^ m. (2.29) 

An obvious necessary condition for a solution, in view of (2.27), is 

A ^ B. (2.30) 



Another is 



while a third is 



max {sf, A(Sj)} ^ min { Sj \ B(Sj)} (1 ^j ^ m), (2.31) 



lj max {sj- 9 \(Sj)} ^ S ^ Sjmin {5/ , B(Sj)}. (2.32) 

We now give a constructive proof that this trio of necessary conditions is also sufficient. Suppose the 
conditions hold. By (2.31) and (2.32), plus our analysis of Problem I, there is an m- vector y such that 

max {sf, A(Sj)} ^ W ^ min {5/, B(Sj)} (1 *j ^ m), (2.33) 

Zyj = S. (2.34) 

Since A(Sj) ^ 30 ^ B(Sj), we can write 

y^d-BiAftHBM) (2.35) 

with Bje[0,l]. (If MSj) = B(S,), then 8, is arbitrary.) 
Now define n- vector x by 

Xi = (l- GjjAi + QjBi (ieSj); 

then (2.27) is satisfied since A ^ B and 6^0,1 ]. Since x(S j ) = y j , (2.28) and (2.29) follow from (2.34) 
and (2.33), respectively. 

Problem IX: Given ra-vector Y, positive n- vector w, n- vector Z and number S, find the minimum 
value 2* of z such that 2 ^ and 

Sjmax {Y h Xusj max {0, Zi-z/wt}} ^ S. (2.36) 

Note first that if Z z ^ 0, then the associated summand in (2.36) vanishes. Thus we may assume 
all Z\ > 0. Next, an obvious necessary condition for a solution to exist is 

Xj max {y,,0} ^S; (2.37) 

this will be assumed in what follows. Finally, it will be assumed that 

£ j max{y i ,Si € 5 j Z i }>S, (2.38) 
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since in the contrary case we would have z* = 0. 

Choose Z — and arbitrary w > 0; renumber if necessary so that 

= WoZ < W 1 Z l ^ W2Z2 ^ . . . ^ W„Zn. (2.39) 

By (2.37) and (2.38), we have < 2* < w n Z n . 
For ke {1,2, . . .,rc}, set 

S jk = {i:ieSj, i ^ k}=Sj fl {&,& + 1, . . ., n}, (2.40a) 

Z,-* = £ {ZideSjk} = Z(S jk ), (2.40b) 

l/^ = 2{lM:ieS jfc }. (2.40c) 

Then for ze(w k -iZk-u w k Z k ], we have 

[ieSj and z ^ w x Z[\ iff ieSjA> 
and thus 

2<i € Sj max {0, Zj — z/wj} = Z jk — zlvj k . 

Thus, ze(w k -iZ k - U w k Z k ] satisfies (2.36) if and only if 

Sj max {Y h Z jk - z/v jk } ^ S, 
which can be rewritten 

Xj max {0, (Z jk - Yj) - z/v jk } ^ S - XjYj. (2.41) 

This in turn can be true for some ze(w k -iZ k - U w k Z k \ if and only if it is true for z = w k Z k , i.e. 

Sj max {0, (Z jk - Yj) - w k Z k lv jk } ^S- ZjYj. (2.42) 

These observations yield the following procedure for finding z*. First, try k = 1,2,. . ., until 
reaching a first value for which (2.42) is satisfied. Second, with this value of k solve the instance 
(2.41) of Problem III. (We have not considered how the information z*e{w k -\Z k -i, w k Z k ] might be 
used to streamline the second step.) 

Problem X: Given m- vector Y, n- vector Z, positive n- vector w, number S, and for each ye {1,2, . . ., 
m} an enumeration of the cr(j) members of Sj; write Wi = w^ and Z\ = Z^ if i is the rth member of Sj; 
find the least value z* of z such that z ^ and 

S j max{F j , 2-0) max {0, max^,- (ZrJ-zM)}} ^ S. (2.43) 

We presently lack a satisfactory solution method for this problem. 
Problem XI: In the same setting as for Problem X, find the least value z** of z such that z ^= and 

Sjmin {Y h min R ^r{ZrJ + zlwrJ)}^ S. (2.44) 

Here too, we still lack a satisfactory algorithm. 

3. Previous Work and Unsolved Cases 
3.1. Componentwise Bounds 

A natural kind of "incomplete information," about a probability distribution arising in a practi- 
cal context, consists of lower and upper bounds on the components of the probability n-vector 
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representing the distribution. If L and U denote the respective vectors of lower and upper bounds 
then the associated constraint set is the convex polyhedron 

P={x:x^O, Si*i = l,L^x^U}. (3.1.1) 

Replacing L by max {0,L} and U by min {U,l} if necessary, we can assume without loss of 
generality that L ^ and U ^ 1. By the results for Problem I in section 2, the necessary and suffi- 
cient conditions for P to be nonempty are 

L^L\ (3.1.2) 

SiLi^l^Sif/i; (3.1.3) 

these will now be assumed. 

In [1 J, the weighted minimax error selection problem for this set P is solved. The following treat- 
ment, however, fits better with the present paper's framework. Observe that the problem can be 
transformed to that of choosing a number z and an n- vector x to minimize z subject to the constraints 
(1.6)-(1.8). In the present case, these constraints can be rewritten 

max {Lu M\ — zlwi] ^ X{ ^ min {Uu rm + zlwi} (all i), 

£i*i=l. 

For any fixed z, our results for Problem I show (constructively) that an associated x exists if and only 
if 

max {Lu Mj - z/wj} ^ min {Uu rm + zlwi} (all i), (3.1.4) 

Si max {L u Mi - z/wi} ^ 1, (3.1.5) 

2, min {Uu mi + z/wi} & 1. (3.1.6) 

The redundant constraint z ^ can be imposed if desired. 

Now the left-hand sides of (3.1.4) and (3.1.5) are nonincreasing in z, while the right-hand side of 
(3.1.4) and the left-hand side of (3.1.6) are nondecreasing. It follows that the desired minimum value 
of z can be written 



z min = max {z°,z*,z**} (3.1.7) 



where we put 



z° = minimum z satisfying (3.1.4) 
z* = minimum nonnegative z satisfying (3.1.5), 
z** = minimum nonnegative z satisfying (3.1.6). 

In view of (3.1.2), z° is well-defined, and is readily evaluated as 

z° = max, max {wi (Li — mi), Wi (Mi — Ui), Wi (Mi — mi) 1 2}. 

Since />/ ^ rm ^ Mi ^ Uu this reduces to 

z° = l/2 max/ {wi(Mi - rm)}. (3.1.8) 

By writing (3.1.5) as 

Xi max {0, (Mi - LO - z/wi} ^ 1 - XL U (3.1.9) 

we see that the determination of z* is an instance of Problem III in section 2, obeying the feasibility 
condition (2.10) by virtue of the left-hand half of (3.1.3). 



Similarly, by rewriting (3.1.6) as 

Xi max {0, (Ui - mi) - z/wt} ^ %Ui - 1, (3.1.10) 

we see that the determination of z** is also an instance of Problem III in section 2, obeying the feasi- 
bility condition (2.10) by virtue of the right-hand half of (3.1.3). 

[Some calculation can be avoided on the basis of the following additional analysis. By (3.1.8), 

— z°lwi ^ — (Mi — mi)/2, and so 

Si max {0, (Mi - Li) - z°/wi} ^ % max {0, (Mi + mO/2 - Li} 

= Xi(M i + m i )/2-XiL u 
2i max {0, (Ui - mi) - z°\wi} ^ % max {0, Ui - (Mi + m t )2} 
= XiUi-Xi(Mi + mi)l2. 
Comparing these relations with (3.1.9) and (3.1.10) respectively, we find that 

z° ^ z* if XiMi + rm) ^ 2, (3.1.11a) 

z°^z** iiX{Mi + mi)^2. (3.1.11b) 

Thus a preliminary evaluation of Xi(Mi + mO will render unnecessary the determination of either z* 
orz**.] 

Since determination of all three quantities compared in (3.1.7) can be regarded as "solved" 
problems, the same can be said for the desired minimization of z. There is only one gap, namely the 
explicit determination — for the set P specified in (3.1.1) — of the quantities Mi and mu defined by 
(1.4) and (1.5), which figure in determining z°, z* and z**. 

For this purpose, note that for any i the condition xeP can be rewritten 

Li^Xi^Uu (3.1.12) 

Lj^xj^Uj (alljVi), (3.1.13) 

2j*f*j=l -xu (3.1.14) 

For any fixed xu the existence of an (n — l)-vector (xu . . .,#t-i,#i+i,. . ,,x n ) satisfying the last two 
conditions is shown by the results for Problem I (in sec. 2) to have the necessary and sufficient 
conditions Lj *& Uj for all j ¥" i (this is guaranteed by (3.1.2)) and 

Xj^iLj^l-Xi^Xj^iUj. (3.1.15) 

Combining (3.1.12) and (3.1.15), we find that 

M ? = min {Ui, 1 - Zj^iLj}, (3.1.16) 

mi = max {L ? , 1 — 2 j * if/,}. (3.1.17) 

This completes the analysis of the weighted minimax error selection problem, in the case where "in- 
complete information" is expressed as "componentwise bounds," so that the constraint set P is 
given by (3.1.1). 

For this same case, we turn now to the minimax adjustment problem. The weighted version of 
this problem for (a,P) — for any probability n- vector a — is solved in section 3 of [4], using a treat- 
ment summarized below. 

We know the problem can be transformed to that of choosing a number z and an n- vector x to 
minimize z subject to the constraints (1.10)-(1.12), which in the present case can be rewritten 

max {Lj, m — z/wi} ^ Xi ^ min {[//, ai^rzjwi) (all i), 

XiXi= 1. 
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For any fixed z, our results for Problem I show (constructively) that an associated x exists if and only 
if 

max {Lu a\ — z/wi} ^ min {£/,, ca + zlwi} (all i), (3.1.18) 

2< max {L u ai - z/wi} ^ 1, (3.1.19) 

S/min {U u ai + zlwi] ^ 1. (3.1.20) 

The redundant constraint z ^ can be imposed if desired. 

As before, we can express the desired minimum value of z as 

z mm ~ max {z°-> Z* •> 2**}, 

where now 

z°= minimum z satisfying (3.1.18), 

z* = minimum nonnegative z satisfying (3.1.19), 

z** = minimum nonnegative z satisfying (3.1.20). 

In view of (3.1.2), z° is well-defined, and is readily evaluated as 

z° = max, max {iv\(Li — a x ),w\{a\ — Ui)}. (3.1.21) 

By writing (3.1.19) and (3.1.20) as 

St max {0, (ai — Li) — z/wj} ^ 1 — XJLu 
Si max {0, (Ui - at) - z/wi} ^ XiUi - 1, 

we see that determining z* and z** are instances of Problem III in section 2, with satisfaction of the 
feasibility condition (2.10) ensured by (3.1.3). Thus the problem of minimizing z can be regarded as 
solved. 

3.2. Componentwise Ranking 

A second natural kind of "incomplete information," concerning a probability distribution aris- 
ing in a practical context, would be a ranking of the probabilities of the various outcomes of the as- 
sociated chance event. This translates into a componentwise ranking for the probability ^-vector 
representing the distribution. Thus our constraint set here is given by 

P = {x:0 ^ xi ^ x 2 ^ . . .^ x n , Xxt'= 1 } (3.2.1) 

and is nonempty. As noted in section 2 of [2], it is easily verified that the quantities Mi and rm of (1.4)- 
(1.5) are given in this case by 

Mi = \l(n + \ - i) (alii), (3.2.2) 

mi = (l^i<n), (3.2.3) 

m w = l//i. (3.2.4) 

The weighted minimax error selection problem becomes that of choosing number z and n-vector 
x to minimize z subject to constraints (1.6)-(1.8), which here become 5 

max {0, Mx - zjwx) ^x x ^ z\w u (3.2.5) 



5 We assume n > 1 throughout. 
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Mi - z/wi ^ Xi ^ z/wj (1< i < 7i), (3.2.6) 

M n - zlw n ^ X n ^ l/n+z/lVn, (3.2.7) 

2i*i = l, (3.2.8) 

*i^* 2 ^ ... *£*„. (3.2.9) 

Let us dispose first of the trivial case n = 2, when the constraints (3.2.5)-(3.2.9) become 

max{0,i — z/wi} ^xi^zlwi, (3.2.10) 

1 -zlwt ^x 2 ^ h+zlw 2 , (3.2.11) 

*i+x 2 = l, (3.2.12) 

*i^* 2 . (3.2.13) 

These can be rewritten, in terms of %\ alone, as 

max{0,i — z/wi, i — zlw 2 } ^ x\ ^ min{ i, z/wi, z/w 2 }, 

which for z ^ has a solution Xi if and only if 

max{ \ — z\w\ , i~ z/w 2 } ^ min {z/w\, z/w 2 }. 
The smallest 2^0 satisfying this condition is 

<Zmin = max {W4, w 2 /4, [2(l/w;i -f- l/w^)] -1 }, 

which can be simplified to 

2min = (1/4) max {w u w 2 }. (3.2.14) 

For wi ^ w 2 , (3.2.14) and (3.2.10) yield x x = 1/4 when z = z min , while for w x ^ w 2 , (3.2.14) and (3.2.11) 
yield x 2 = 3/4. Thus in either case the "optimal" x of the linear program is 

x = (1/4, 3/4) (rc = 2). (3.2.14a) 

Now we assume n > 2. By the results for Problem II in section 2, for any fixed z 2* the con- 
straints (3.2.5)-(3.2.9) admit a solution n- vector x if and only if 

l/(ra + l - i) - z/wi ^ z/wj (l^i^j< n), (3.2.15) 

l/(/i + l - i) - z/wi ^ l/n+zlwn (1 ^i ^ n), (3.2.16) 

Si max {0, max ja£i [l/(» + 1 - / ) - z/wj]} ^ 1, (3.2.17) 

(l/n +z/w n ) + Xi< n min [l/n + zlw n ,mmi^j <n (z/wj)\ ^ 1. (3.2.18) 

As before, the desired minimum value of z can be written 

■Zmin = max { z °, Z*,Z**} 



^here ] 



2° = minimum value of z satisfying (3.2.15)-(3.2.16), 
z* = minimum nonnegative value of 2 satisfying (3.2.17), 
2** = minimum nonnegative value of 2 satisfying (3.2.18). 
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It is easily verified that 

z° = max{maxi^< n l/[(rc-r-l — i) (1/wi + l/wj)], 
max* (i -1) I [n(n+ 1 -i)(llm+llw n )i}. (3.2.19) 

From this, we have 



> that 



z°lw n ^ (n - l)/2n, z°lwj & l/2(n + 1 - j) (j < n\ 

(l/n + z lw n ) + Si<n min [l/n +z°lw,,i mmi^ <n (z°lwj)] 

^(n + l)/2n + X i<n min \(n + l)/2n, 1/2 min t ^< n (/i + 1 - /) ' | 

= (n + l)/2/i + £i< n min [(n + l)/2/i, l/2(/i+l - 01 

= (n + l)/2n + 2i<« l/2(7i -hi-/) 

= i[(l + l/n)+(l/2 + l/3+. . . + l/n)] > 1; 

comparison with (3.2.18) shows that z° S? 2**. 

The determination of z**, though not really necessary in view of the result in the previous para- 
graph, will be taken up next. Define n- vector u by 

U„ — \\w n > 0, 

u n -i = 1/max {wj:i ^j<n} (1 ^ i < n), 

so that 

a, ^uo^ ... ^un-x >0 (3.2.20) 

and the condition (3.2.18) which defines 2** (together with z** ^ 0) is equivalent to 

(l/n +ZM W ) + Si< w min [l/n + ziin, zui] ^ 1. 

We rewrite this last condition as 

z^iUi — 2t< w max {z(m — u u ), l/n} ^ 0. (3.2.21) 

CASE 1. Suppose u n ^ tti, or equivalently, w n ^ max {wr.i < n}. Then u n ^ in for 1 ^ i < n. In 
view of the constraint 2^0 imposed on z**, (3.2.21) becomes 

zZiiii — (n — l)/n ^ 0, 

leading to 

z ** = (n- l)lnXm (if u n ^ ut). (3.2.22) 

CASE 2. If CASE 1 does not hold, there is a largest Je {1,2, . . ., n — 1} such that w./ > w n . Then 
(3.2.21) becomes 

zSittj — (n — J — \)\n — 2/max \z(u\ — u n ) 9 lln} ^ 0, 

which we rewrite as 

z&j+Sut + Jun}-^ max{0, lln-z(ui-u n )}^n-J-l)ln. (3.2.23) 

That we now have an instance of Problem IV solved in section 2, can be seen by setting 
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T=2, J+1 n Ui + Ju n , 

S = (n-J- l)lnT 

Z k =l/nT (l^k^J), 

V k = TI{u k -U n ) (l^k^J). 

Turning now to (3.2.17) we see that determining z* is an instance of Problem V in section 2, for 
which a solution method is currently lacking. This then is the present bottleneck to solving the 
general weighted minimax error selection problem, for the case in which the "incomplete informa- 
tion" is represented by a componentwise ranking constraint on x. 

It is, however, possible to determine z min under the special hypothesis 

w n = maxiWi. (3.2.24) 

In this case we have for i ^j < ft, 

l/(ft + 1 - i) (l/wi + 1/wj) ^ Wnl2(n + 1 - i) ^ w n \\ ^ (ft - l)w tl /2n, 
and also 

max ( (i — l)/(ft + l — i)(llwi+llw n ) = (n — lV«/2, 



so that (3.2.19) gives 



implying 



z° = (n- l)wn/2n, (3.2.25) 



2/ max {0, maxj^/[l/(n + 1 — j) — z°/wj\} 
^ 2< max {0, max j , i [l/(n+l -j) - (n- l)/2n]} 
= Xi max {0, 1/(ti+ 1-i)- (ft- l)/2n} 
= 2jmax{0,l//-(n- l)/2n} = 2{l// - (n - l)/2n:l ^/^2 + 2/(n - 1)}. 

Considering separately the situations ft = 3 and ft ^ 4, we find that the above expression equals (1/2 
+ 1/ft) ^ 1, and comparison with (3.2.17) yields z° ^ z*. Since it has already been established that 
z° ^ z**, when (3.2.24) holds we have 

z min = z°=Hl-Un)wn. (3.2.26) 

With this value of z, (3.2.7) and (3.2.2) imply that each optimal x has 

%„ = (ft + l)/2ft, (3.2.26a) 

"matching" (3.2.14a). These results agree with those obtained less systematically, for the un- 
weighted case, in the earlier paper [2]. 

This completes the discussion of the "componentwise ranking" version of the mimimax error 
selection problem. We shift now to the same version of the minimax adjustment problem. The 
weighted case is that of choosing number z and ft- vector x to minimize z subject to the constraints 
(1.10)-(1.12), which here become 

a\ — z/wj ^ xt ^ cn+zjwi (all i), (3.2.27) 

£i*i = l, (3.2.28) 

^ xx ^ x 2 ^ . . . ^ x n . (3.2.29) 
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For any fixed z, our results for Problem II in section 2 show (constructively) that an associated x 
exists if and only if 

a, — z/wj ^ cij + zlwj for i ^7, (3.2.30) 

S/max {0, maxj^i(aj — z/wj)} ^ 1, (3.2.31) 

2iwnj*faj+zlwj) ^ 1. (3.2.32) 



As before, we can write 



= max {z°,z*,z**}, 



where now 



z° = smallest value of z satisfying (3.2.30), 
z* = least nonnegative z satisfying (3.2.31), 
z** = least nonnegative z satisfying (3.2.32). 

By a simple evaluation. 

z° = max K , {(ai-aj)l[llwi + l/wj]}. (3.2.33) 

The determination of z* is an instance of Problem V in section 2, for which we lack a solution 
method (unless a and w are similarly ordered). The determination of z**, in turn is an instance of 
section 2's Problem VI, for which a solution method is also lacking (unless a and w are oppositely or- 
dered). 

For the unweighted case (all Wj=\), as noted in section 2, Problem V reduces to the solvable 
Problem III, so that z* can be found; similarly finding z** is an instance of the solvable "oppositely 
ordered" special case of Problem VI. Thus, as found in [4|, the "componentwise ranking" version of 
the minimax adjustment problem is solvable in the unweighted case. 

3.3 Both Componentwise Bounds and Ranking 

In this subsection we consider the situation in which the "incomplete information" involves 
both componentwise bounds and a componentwise ranking on the probability n-vector in question. 
Thus our constraint set here is given by 

P={x::L^X^U,Xi ^*2*£. .. ^X n ,liXi=l}. 

It will be convenient to define n- vectors L' and U' by 

Li = maxj^/Lj, Ui — minj^iUj. (3.3.1) 

Then it is easy to see that 

P = {x:L' ^x^U',%, ^x 2 ^.. • ^x n , 2i*i=l}. (3.3.2) 

Replacing L\ by max {0,Lj'} and U\ by min {Ui , 1} if necessary, we may assume that ^ L' and 
U '*sl. 

The analysis of Problem II in section 2 shows that P is nonempty if and only if 

L'^U', (3.3.3) 

2,/V *£ 1 ^ %Ut'. (3.3.4) 

These two conditions will be assumed to hold from now on. 
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For the above polyhedron P, and a fixed ie {1,2, . . ., n}, we proceed as in [3] to seek the quanti- 
ties Mu mi of (1.4) and (1.5). Consider the conditions under which 

x = (y u . . . , ji-uxuju . . . , Y»-i)eP. 
These conditions are 

Li'^xi^Ui', (3.3.5) 

L/ *£ yj ^ min {£//, **} for; < i, (3.3.6) 

max {Lj+i\ Xi] ^ yj ^ f/j+i' fori ^7 < rc, (3.3.7) 

Sjy^l-Xf. (3.3.8) 

The discussion of Problem II in section 2 shows that an (n — l)-vector y satisfying (3.3.6) 
through (3.3.8) exists if and only if 

L/ ^ min {£//, xt} iorj < i, (3.3.9) 

max{L j+ i\*i} ^ U j+l ' fori^j<n, (3.3.10) 

2 J <,L/ + 2jt< 1 max {Ij+i\*«} *£ \-x u (3.3.11) 

2j<i min {(//,**} + 2]^ U j+l ' ^ 1- Xi . (3.3.12) 

Here (3.3.9) and (3.3.10) are automatically satisfied by virtue of (3.3.5). We can rewrite (3.3.11) and 
(3.3.12), respectively, as 

xt+Xjtf max{L J+l ' 9 Xi} ^ 1-Sj</L/, (3.3.13) 

xi + Xj<i min {Uj\ Xi} Z*l-Xj-tU J+ i'. (3.3.14) 

The left-hand sides of (3.3.13) and (3.3.14) are continuous increasing functions of x\, bounded 
neither above nor below. They are therefore equal to their right-hand sides for unique respective 
values Xi + and xc It follows that (3.3.13) and (3.3.14) are equivalent to xc ^ x% ^ Xi + . By combination 
with (3.3.5), this yields 

Mi = min {£/,', Xi + }, rrii = max {Li , xc}. (3.3.15) 

To determine Mi and mu it therefore suffices 6 to determine xt and xc. For this purpose, re- 
write (3.3.14) as 

Xi — Sj<imax {0, U/ — x{\ ^ 1 — X/t//; 

thus finding xc is an instance of Problem IV in section 2, and hence can be regarded as a solved 
problem. 

Next, rewrite (3.3.13) as 

*i + 2xmax {0,*; - L/} ^ 1 - 2/L/ =S. (3.3.16) 

Clearly any solution %i has *; ^ S, so that z = S — %\ > ^0; finding the maximum value x{* of the solu- 
tions xi of (3.3.16) is therefore equivalent to finding the minimum Zi ^ such that 

2t-2^max{0, (S-L/)-Zi} ^0, (3.3.17) 

another instance of Problem IV. Thus the determination of Mi and rm can be regarded as a solved 
problem. 



• If the left-hand side of (3.3. 13) does not exceed the right-hand side when Xi = U{, then /W, = £/,' and .t, + need not be found; similarly for (3.3.14), L{ and m,. 
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We turn now to the (weighted) minimax error selection problem, which by (1.6)-(1.8) is that of 
choosing number z and ra- vector x to minimize z subject to 

max {Li\ Mi — zjwi) ^ x\ ^ min {[//', rm + z/wi}, (all i) 

X\ ^ X 2 ^ • • . ^ X n . 

For any fixed z, it follows from the analysis of Problem II that an x satisfying these three conditions 
exists if and only if 

maxj^,max {Lj, Mj — zjwj] ^ min/^min {U/ 9 mj + z/wj} (all i), (3.3.18) 

S/maxj^max {L/ 9 Mj - z/wj} ^ 1, (3.3.19) 

S/minj^min {f/j', rrij + z/wj} ^ 1. (3.3.20) 

The constraint z 2= can be imposed if desired. 
Following our customary pattern, set 

z° = least z satisfying (3.3.18), 
2* = least z ^ satisfying (3.3. 19), 
2** = least z^O satisfying (3.3.20); 

then we have for the desired minimum value of z, 

2 min = max {z°,z*,z**}. 

Since (3.3.18) can be rewritten 

max {L,-\ maxj^i(Mj — z/wj)} ^ min {U,\ min^rf mj + z/wj)}, 

it is readily found that 

2° = max K , {wjiLi - rrij), w x (M { - U/) 9 (Mi - m^/fl/^-h l/wj)}. (3.3.21) 

Since Li ^ mu while i ^ j implies Li ^ L/ ^ rrij, we have 

(wi + Wj)Li ^ w/Af / + Wjirij, 
or equivalently 

(wi + Wj)(Li f — rrij) ^ w/Af,- — rrij), 

implying 

w/Li' - rrij) *s fM/ - mJKUwi + Uwj). 

Similarly, since rrij ^ £// while i ^j implies Mi ^ £// ^ f/j', we have 

Wi(Mi - U/) ^ ^ w/[// - rrij), 

or equivalently 

(wi + wj) (Mi - U/) ^ w/M; - rrij), 
implying 

w/fM,- - Uj) ^ (M* - mjMllwi+llwj). 
17 
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Thus (3.3.21) becomes 

z°=max^ {(Mi - mj^HHwi + llwj)}. (3.3.22) 

Next, (3.3.19) and (3.3.20) can respectively be rewritten 

Si max {U\ maxj^ifMj— z/wj)} ^ 1, (3.3.23) 

Xi min {£//, mmj^mj + z/wj)} ^ 1. (3.3.24) 

From (3.3.23), the determination of z* is clearly an instance of Problem VII in section 2. Rewriting 
(3.3.24) as 

Si max {- Ui\ maxj^i [ (- to,-) - z/wj] } *£ - 1 (3.3.25) 

shows that determining z** is again an instance of Problem VII. 

Thus here the bottleneck is the lack of a satisfactory solution method for Problem VII. The un- 
weighted case (all Wj=l) is solvable, as in [3], since then Problem VII reduces to the solvable 
Problem III. 

We turn now to the minimax adjustment problem, which here involves selecting a number z and 
an ^-vector x to minimize z, subject to 

max {L/\ a, — z/wi} ^ xi ^ min {£/,■', di+z/wi] (all i), 

Si%i = l, 

X\ ^ X 2 ^ • • • ^ X n . 

For any given z, an x obeying these three conditions exists if and only if 

maxj^max {L/, dj — z/wj} ^ min^/min {[//, clj + z/wj} (all i), 
Si maxj^max {L/ , cij — z/wj} ^ 1, 
Simin^/min {!//, dj + z/wj} ^ 1, 

requirements which are respectively equivalent to 

max {L/',maxj^/(aj — z/wj)} ^ min {^i\minj^i(aj + z/w;j)} (all i)> (3.3.26) 

Si max {Li\m&Xj^i(aj — zlwj)} ^ 1, (3.3.27) 

Si min { Ui ' , minj ^ if dj + z/w;^ } ^= 1 . (3.3.28) 

Defining z°, z* and z** in analogy with the cases treated previously, we will again have 

2min = niax {z°,z*,z**}. 
It is readily verified that 

z° = maxj S cj {wj{L}' — dj),Wi{di — £//),(«* — dj)j(\lwi-\-\jWj)}. (3.3.29) 

If a satisfies the modified componentwise bounds, i.e. L' ^ a ^ U', then it follows that for i ^j, 

L[ ^ a% and Li ^ Lj ^ dj, 
implying 

Wj{Li — dj) ^ ^ Wi(ai — L\') 
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and thus 

Wj{L[ - (ij) ^ (di - aj)/(llwi+llwj); 

similarly 

Wiim - U/) ^ Wj(U/ —aj), 

leading to 

Wi(di - Uj) ^ (at — dj)ftllwi+llwj). 

Thus L' ^ a ^ U' implies that (3.3.29) simplifies to 

z° = max/^j {(a/ — aj)l(\jwi H- l/wj)}. (3.3.30) 

The form of (3.3.27) shows that finding z* is an instance of Problem VII, for which we lack a 
solution method unless a and w are similarly ordered. Rewriting (3.3.28) as 

Si max { — Ui\ maxj>i [( — aj) — z/wj]} ^ — 1 (3.3.31) 

shows that the determination of 2** is also an instance of Problem VII, for which we lack a solution 
method unless a and w are oppositely ordered. The unweighted case (all Wj = l) is however exhibited 
as solvable, in accordance with [4|. 

4. Minimax Disaggregation of an Exact Distribution 

4. 1 . Minimax-Error Selection 

In this section and the next, we deal with a fixed partition {Sj}i m of {1,2, . . ., n) into m sets Sj 
with at least two members each (i.e., \Sj\ ^ 2). The notation 

x(T) = X{ Xi :ieT} 

will be employed; here x is an n- vector with components {*;}i", and Tis a subset of {1,2, . . ., n}. 

The intended interpretation is that {1,2, . . ., n} indexes the outcomes of some chance event as 
classified in a relatively "fine" manner, whereas {1,2,. . ., m} indexes the outcomes as classified 
more grossly. More specifically, the "micro-outcomes" indexed by the members ieSj constitute in 
aggregate thejth "macro-outcome." 

In the present section, we treat several versions of the following problem: Given an initial posi- 
tive probability m- vector s, with component Sj representing the probability of they'th macro-outcome, 
determine in a systematic way a probability rc-vector x, whose component x\ is to be regarded as the 
probability of the ith micro-outcome. 

Suppose first that no further conditions are placed on x. Then the appropriate constraint set for 
x is the polyhedron 

P= {x:x ^ 0, 7L(S j ) = s j for 1 ^; ^ m). (4.1.1) 

Our approach to finding a suitable x is to solve the weighted minimax selection problem for P, i.e., 
to determine xeP so as to minimize 

Ffx;w) = maxy f Pmax,w, \x\ — y,|. (4.1.2) 

Let Xj and yj denote variable \Sj\ vectors whose components are indexed by the members ieSj, 
and in Xj-space define the polyhedron 

P j ={x j :x^0,x,<Sj) = s J }. (4.1.3) 
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Then clearly P is the Cartesian product of the P/s; if we put 

Fj(xj;wj) = max {wi\xi — yi\:ieSj;yjePj} (4.1.4) 

then it follows that 

F(x;w) = maxjF/xj; wj). (4. 1.5) 

The consequence is that the weighted minimax error selection problem for P decomposes into m 
independent subproblems, theyth of which is the weighted minimax error selection problem for Pj. 
To solve they'th subproblem, it is convenient to observe that the Mi = Mi(P) and m\ = m\(P) of 
(1.4) and (1.5) are given, for ieSj, by 

M/ = max {xiixjePj}, (4.1.6) 

The analog of (1.3), namely 

F/x/;wj)==maxks. max {wi(Mi — %0, wrfxi — mi)}, (4.1.8) 

is readily seen to hold. Thus the 7th subproblem can be reduced to selecting a number Zj and an \Sj\- 
vector Xj to minimize Zj subject to 

max {0, Mj - Zjjwi} ^ x\ ^ rrn + Zj/wi (all leS/), (4.1.9) 

x(S j ) = 5 i , (4.1.10) 

xjeP* (4.1.11) 

For the particular P and Pj given by (4.1.1) and (4.1.3), the constraint (4.1.11) is redundant in the 
presence of (4.1.9) and (4.1.10). By the analysis of Problem I in section 2, for any given Zj ^ an as- 
sociated xj exists if and only if 

Mi - Zjlwi ^ mi + Zj/wu (4.1.12) 

2 {max[0, Mi - Zjlwi\:ieSj} ^ s h (4.1.13) 

2 {rriij + ZjIwi'.ieSj} ^ Sj. (4. 1. 14) 

With the familiar formula 

2 j min = max{z/,z j *,z/*}, 

we have 

Zj ° = i max {wi{Mi-mi):ieSj}. (4.1.15) 

The determination of zj* from (4.1.13) is an instance of (solvable) Problem III in section 2. And 
(4.1.14) yields directly 

Zj **'=max {0, [sj-XusjmdlXttSjillwt)}. (4.1.16) 

Thus this problem can be regarded as solved, once the M, and rrii are known. But for the present Pj, 
it is easy to check that 

Mj = Sj and m% = (itSj), 

so that (4.1.15) yields 

z° = maxj Zj° = i maxj {sj maxusjiwi)}, (4.1.17) 
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while (4.1.16) yields 

z** = maxj z j ** = max j {sjIX Mj (Huh)}. (4.1.18) 

Using (4.1.8), we have 

z min = max {z°,z**,maxjz/} (4.1.19) 

with z° and z** given by (4.1.17) and (4.1.18), andz/ the solution of Problem III applied to 

2 {max[0, sj - Zjlwi]:ieSj} ^ sj. (4.1.20) 

It is not hard to show, however, thatz/* ^ z/, so that z** ^ z° and (4.1.19) becomes 

-z m in = max {z°, maxjz/} = maxj{zj°, z/}. (4.1.21) 

To consider the order relation between zj° and z*, note that z* ^ z/ holds if and only if the opposite 
of (4.1.20) is satisfied for Zj=z°, i.e., if and only if 

2{max [0, l-(m8Lx k€Sj w k )l2wi]:i€Sj} ^ 1. (4.1.22) 

This will in particular be true, in the semi-weighted case when all Wi(ieSj) have the same value W j, so 
that for each suchy 



P tln =z j * = W j sjl-ll\Sj\]. (4.1.23) 



Should this apply for all ye{l,2, . . ., ra}, we have 

z mln = max/A-H - 1/ \Sj\ |, (4.1.24) 

which in particular holds for the unweighted version of the original problem. 

We next treat the solvability of the weighted minimax selection problem under further restric- 
tions on x. To preserve the decomposition which guided the solution in the previous case, these con- 
straints must maintain the independence of the m subproblems, i.e., must deal individually with the 
subvectors Xj of x. 

Consider first the case of componentwise bounds on x, so that (4.1.1) is replaced by 

P={x:0^ L^x^U,x(S j ) = s j foTl ^7^m}, (4.1.25) 

where ^ L ^ U may be assumed at the outset. Let Lj and Uj be the subvectors of L and U 
associated with Sj. Then theyth subproblem has constraint set 

P } = {x i :x/S i )=s j , Lj « xj « Vj}. (4.1.26) 

The weighted minimax selection problem for Pj can be solved as in subsection 3.1 of this paper; in- 
deed, a rescaling by 1/sj reduces it to the first problem treated in that subsection. The feasibility 
conditions, in addition to Lj ^ Uj, are given by 

L(Sj) = MU'ieSj} ^ sj ^ !{Ui:ieSj} = U(Sj) (4.1.27) 

fortheyth subproblem. 

Second, a componentwise ranking might be imposed on each of the subvectors Xj. Theyth sub- 
problem, after rescaling by 1/sj, is then of the type treated in subsection 3.2; in particular we have a 
solution method in the semiweighted case (wi= Wj for all ieSj) — or more generally, if the ordering of 
the subvector Wj of w is consistent with the ranking imposed on x> 

Third, both componentwise bounds and a componentwise ranking might be imposed on each Xj. 
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Rescaling then yields the type of problem taken up in subsection 3.3; again we have a solution 
method if w x = W j for all ieSj. 

We can of course have "mixed" cases of the last three situations: some Xj may be subjected to 
componentwise bounds only, others to a ranking only, and still others to both. So long as the sub- 
problems remain independent, one simply applies to each subproblem that part of the preceding 
discussion which is applicable. 

4.2 Minimax Adjustment 

Here the polyhedra P and Pj are as in the preceding subsection, but the function to be 
minimized is 

G(x;w) = maxj Gj (xj ; Wj ) , (4.2. 1) 

where 

Gj(x.j;\*j) = max {w% \%t — a,i\:ieSj} (4.2.2) 

and a is a given probability n- vector. Again we have m independent subproblems; they'th of them is 
to select number 2j and \Sj [-vector Xj so as to minimize Zj subject to 

max {0, en — Zj/wi} ^ %\ ^ ai + Zj/wi (all ieSj), (4.2.3) 

x(Sj) = s h (4.2.4) 

xjePj. (4.2.5) 

The first case considered is that in which x is constrained only by the aggregation condition 
(4.2.4), so that (4.2.5) is redundant. For any Zj ^ 0, there exists an Xj satisfying (4.2.3) and (4.2.4) if 
and only if 

at — Zj/wi ^ a% + Zj/wj (all ieSj), (4.2.6) 

2 {max[0, a% — Zj/wi\:ieSj} ^ Sj, (4.2.7) 

2 {at + Zj/wideSj} ^ Sj. (4.2.8) 
Here (4.2.6) is automatically satisfied, so that with the familiar notation, 

z, min = max {zj*,Zj**}. (4.2.9) 

From (4.2.8) one obtains directly 

zj** = max {0, Sj - a(S;)}/X{l/wi:i€Sj}. (4.2.10) 

The determination of z/\ as the minimum value of Zj satisfying both Zj ^ and (4.2.7), is an instance 
of Problem III in section 2, and so can be regarded as solved. Note that if Sj ^ a(Sj), then (4.2.7) is 
satisfied by Zj = 0, so that (4.2.9) yields Zj min = Zj* *; on the other hand, if Sj ^ a(Sj), thenzj min = z/. 

The remaining cases are those in which Xj may be constrained by componentwise bounds, a 
componentwise ranking or both. Their treatment resembles that in the previous subsection, drawing 
on the analyses of minimax adjustment problems in subsections 3.1, 3.2 and 3.3. The case of com- 
ponentwise bounds is solvable in general, but at present the other two cases admit satisfactory solu- 
tion only when w\ = Wj for all ieSj. 

5. Minimax Disaggregation of a "Fuzzy" Distribution 

5.0 No Other Information 

In section 4, it was assumed that a probability vector s describing the probabilities of the 
chance event's "macro-outcomes" is known exactly. This assumption played an essential technical 
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role in simplifying the analysis: the aggregation conditions x.(Sj)=Sj, together with the fact that XjSj 
= 1, implied that 

liXi = l. (5.0.1) 

Thus it was not necessary to impose (5.0.1) as an explicit constraint; this condition, relating the m 
subvectors {x/}i m , would have ruined section 4's approach of dealing with m independent 
subproblems each involving a single Xj. 

For some situations, however, the assumption of an exactly known initial distribution s may well 
be unacceptable. In the present section, we replace the "exact" aggregation conditions jl(Sj) = Sj by 
"approximate aggregation" conditions 

Sj-^x(Sj)^ Sj + (1^/^m), (5.0.2) 

involving the components of given ra-vectors s~ and s + which (cf. Problem I in sec. 2) we may as- 
sume to satisfy 

^ s ^ s + ^ 1, (5.0.3) 

Xjsf ^ 1 ^ x fiJ +. 

This loosening means that the constraint (5.0.1) must be explicitly imposed; the m subproblems are 
no longer independent, but their interdependence is limited to the single condition (5.0.1). 
The simplest weighted minimax-error selection problem of this type has 

P = {x:x ^ 0, Sixi = l, sf ^ x(Sj) ^ 5/ for 1 ^y ^ m}. (5.0.4) 

The first step in the analysis is to determine the Mi and m, for this polyhedron P. 

For a fixed Je{l,2, ...,/??}, a fixed ieS, h and a fixed *,e[0,l |, consider Problem VIII in section 2 
with S = 1 and 

Ai=Bt=xu 

A k = 0<mdB k =lfork€{lX...,n} - {i}. 

Of the conditions for a solution to exist, (2.30) is satisfied automatically. Condition (2.31) is satisfied 
for j t^ /, while; =J yields 

max {sj-,Xi} ^ min {sj\xj+ \Sj\ - 1}. (5.0.5) 

Finally, (2.32) yields 

Xj^jSf + max {s,r, X{} ^ 1, (5.0.6) 

Sjw5/H-min {sj + ,Xi + \Sj\ - 1} ^ 1. (5.0.7) 

Mi, as the largest value of %[ satisfying the last three conditions, is given by 

Mi = Mj* = mm {sj\ 1 - Xj+jSj-} (ieSj); (5.0.8) 



similarly we have 
Next, (1.6)-(1.8) yield 



m { = 0. (5.0.9) 



max {0, Mi — z/wt} ^ x x ^ z/w-, (all i), 

£#1 = 1, 

sr*x(Si)*sj* (ally). 
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By the analysis of Problem VIII in section 2, for any z ^ an associated x exists if and only if 

Mi - z/wi ^ z/wi (all 0, (5.0.10) 

max {sj~, Xjcs. max {0, M\ — z/wi}} ^ min {sj + , z2? e s.(l/^/)}, (5.0.11) 

Sj max {sj~, X i€Sj max {0, Mf-zlwi}} ^ 1, (5.0.12) 

Sj min {*/+, zSi^.Cl/^t)} ^ 1. (5-0.13) 

We wish to find the smallest z ^ satisfying these four conditions. 
The first condition, (5.0.10), yields 



z^ z = maxj Zj 

= maxj [iMj* max^.M/i]. 



(5.0.14) 



with M* given by (5.0.8). The second condition, (5.0.11), is equivalent to the following trio of condi- 
tions. One is 

z^z°° = max j [sj-IXusjiUwi)]. (5.0.15) 

A second is 

Xusj max {0, Mj*-z/wi} ^ s/+ (all /). (5.0.16) 

If Zj°°°is the smallest z ^ satisfying theyth of these requirements (5.0.16), then 

z^z 000 = maxjZj 000 . (5.0.17) 

The determination of zf 00 is a simple case (Z has equal components) of Problem III in section 2. The 
third "fragment" of (5.0.11) is 

lusj max {0, Mj*-z/wt} ^ zX i€Sj (llwi) (all;), (5.0.18) 

if zf 000 is the smallest z ^ satisfying theyth of these, then 

z^z 0000 = mMjZj 000 °- 

The determination of z/ 00 is an instance (again Z has equal components) of Problem IV in section 2. 
The import of the last paragraph is that we have satisfactory solution methods for finding the 
least z ^0 satisfying (5.0.10) and (5.0.11). Before going on to (5.0.12) and (5.0.13), some additional 
comments can be made concerning this "solved" part of the problem. First, since 



and 



it follows from (5.0.8), (5.0.14) and (5.0.15) that 

(5.0.19) 



Second, we will show that 
by proving that 



lllusjdlw 


r)*s 


i max 


ieSjWii 


-^sj + , 


sf 


^1 - 


%*jSj-, 


0.15) that 








z°°« 


z°. 




oooo ^ 


z\ 





(5.0.20) 



Zj°°°° =S Zj° = iMj* maxusMi. 
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Since z/ 000 is defined in terms of (5.0.18), it suffices to show that (5.0.18) is satisfied for z = Zj°, i.e., 
that 

2z j °Xus j (llw i )^Xus j max {zf/wu Mj*}. 

This follows from a termwise comparison, the explicit expression for z° being used to show that 
2zj°lwi^Mj*. 

We turn now to (5.0.12) and (5.0.13). Let z** be the least z^O satisfying (5.0.13), which we 
rewrite as 

2j max {0, Sj+'-zXusjillwi)} ^ XjSj + -l. (5.0.21) 

Then the determination of z** is an instance of Problem III in section 2, and so can be regarded as 
a solved problem. 

Next, let z* be the least z ^ satisfying (5.0.12), so that the minimum value of z subject to 
(5.0.10)-(5.0.13) can be written 

z min - max {z°, z°°°, z**, z* }, (5.0.22) 

where z°° and z O0O ° are ruled out of contention by (5.0.19) and (5.0.20), z° is given explicitly by (5.0.14), 
and the determination of z°°° and z** are solved problems. The only remaining element in the solu- 
tion of this weighted minimax-error selection problem is the determination of z* from (5.0.12), which 
we rewrite as 

2j max {sr, l Mj max {0; Mf-zlwt}} ^ 1 (5.0.23) 

with Mf given by (5.0.8). 

This last element, however, is an instance of (solved) Problem IX in section 2, so that we have 
assembled a solution method for this weighted minimax selection problem. 

A simpler solution method is at hand for what we have called the semi-weighted case, that in 
which 

Wi = W } for all ieSj. (5.0.24) 

In that case (5.0.23) can be written as 

2; max {sj-, \Sj\ max {0, Mj* -z/Wj}} ^ 1, 

which simplifies (since Sj~ ^ 0) to 

Ijmzxisr, \Sj\(Mf-zlWj)}*l 

and thus to 

Sj max {0, [\Sj\Mj* - sf] - z\Sj\IWj} =£ 1 - Zjsf. (5.0.25) 

Hence determining z* is an instance of Problem HI in section 2. Moreover, (5.0.14) and (5.0.16) yield 

zf^WfWj, (5.0.26) 

zr = max {0, Wj[Mj* - sj + l \Sj\ |}, (5.0.27) 

while z** is the least 2^0 satisfying 

2 j max {0, Sj + - z\S 3 \IW } } « 2,-s/ - 1 (5.0.28) 

so that its determination is an instance of Problem III. 
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We turn now to the associated minimax adjustment problem. Relations (1.10)-(1.12) yield 
max {0, a x — z\w\\ ^ %\ ^ di+zjwu (all i) 

2,1X1 = h 
sj-*x(Sj)*sj+ (ally). 

This instance of Problem VIII has a solution if and only if 

max {0, a t - z/wi} ^ ai + z/wi (all £), (5.0.29) 

max {s.j-, Xusj max {0, at-z/wi}} ^ min {sj+ 9 Xidgjiai + zlm)}, (5.0.30) 

Xj max {sj~, ^iesj max {0, cn — zlwi}} ^ 1, (5.0.31) 

Sj min {sj+, Zitsjiai + z/wi)} ^ 1. (5.0.32) 

Condition (5.0.29) is satisfied for all z ^ 0. Relation (5.0.30) is equivalent to the pair of conditions 

Xusj max {0, a\ — z\w\\ ^ 5j + , 
2 ti€ s j (a i + z/wi) ^Sj~. 

Finding the smallest z ^ to satisfy the first of these relations is an instance of Problem III; the 
second is equivalent to 

z^[* i --a(S i )]/2<tf i (l/u>«).- 

Finding the least z ^ obeying (5.0.31) falls under Problem IX, while the same question for (5.0.32), 
which can be rewritten 

S.max {0, [s J +-*(Sj)]-zZtrij(Um)}<XjSj+-l 9 

is an instance of Problem III. 

5.1 . Componentwise Bounds 

As noted earlier in this section, the problems just treated are the simplest ones in the context of 
disaggregating an approximate distribution. We turn now to a more complex case in which x is also 
subjected to componentwise bounds, described by n-vectors L and U with 

^ L *£ U ^ 1, XtLi ^ 1 ^ XiUu (5.1.1) 

Thus the constraint set is given by 

P= {x:2«*i = l, L ^ x ^ U,sf ^ x(Sj) ^ sj + for 1 ^ j ^ m}. (5.1.2) 

To simplify later notation, we can without loss of generality adjust s~ and s + so that 

USj)^sr^sf^V(Sj). (5.1.3) 

The conditions for P to be nonempty are given by the analysis of Problem VIII in section 2; besides 
(5.1.1) and (5.1.3), they are 

IjSf « 1 =s W. (5.1.4) 
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We begin as before by determining the appropriate Mi and m*. For a fixed Je {1,2, . . ., m}, a 
fixed ieSj, and a fixed Xi€[LuUi], consider Problem VIII in section 2 with S = l,Aj = Bi = Xi, and 

^A-LA^A = L/ A forallA:^i. 

Of the conditions for a solution to exist, (2.30) is automatically satisfied, as is (2.31) for ally ¥" J. For 
j =/, (2.31) yields 

max {5./-, L(Sj) +Xi - Li} ^ min {s.,\ U(Sj) -(Ui-Xi)}, (5.1.5) 

while (2.32) translates into 

max {s.r, L(Sj) + xi - U} + Zj+jsf ^ 1, (5.1.6) 

min {sj\ U(Sj) - (Ui - Xi)} + £, w s/ ^ 1. (5.1.7) 

From the last three inequalities, it follows that 

Mi = mm{U u sj + +Li- USj^l-lj+jsf+Li-LiSj)}, (5.1.8) 

mi = max {L u Sj~ + U t - U(Sj), 1 - 2 M /s/ + U { - U(Sj)}. (5.1.9) 

Relations (1.6)-(1.8) yield 

max {/>,-, M; — z/wi} ^Xj ^ min {Uumi + z/wi}, 

£#,= 1, 

By the analysis of Problem VIII in section 2, this (for given z) has a solution x if and only if 

max {Lu Mj — z/wi] ^ min {£/,, mi + z/wi}, (5.1.10) 

max{5j~, tusj max {L,-, Mj — z/wj}} ^s min js/, S, e . Sj . min {£/;, w, + z/w;}}. (5.1.11) 

Sj max {s,--, Si € 5- max {L/, Mi—z/wi}} ^ 1, (5.1.12) 

Sj min {sj + , S/ 6 .s. min {£/,-, Wj + z/m;,-}} ^ 1. (5.1.13) 

We seek the smallest value z min of z ^ which satisfies these four conditions. 
Let z° be the least z satisfying (5.1.10). As in (3.1.8), the result is 

z° = i max/ Wi(Mi-mi), (5.1.14) 

where M, — m, can be evaluated using (5.1.8-9). 

The new information in (5.1.11) is given by the pair of inequalities 

2,usj max {Li, Mj — z/wi} ^ sj+, 

2,- 6> v. min {Ui, mj + z/wj} 2? Sj~ , 
which can be rewritten 

X USj max {0, (A//-L,-) -z/w«} ^ s,+ -L(Sj), (5.1.15) 

Z USj max {0, (tf<-i?n) -zlm) ^ V(Sj) -sj- (5.1.16) 

i 

Let z/ and z/* denote the smallest value of z ^ satisfying (5.1.15) or (5.1.16) respectively, and put 

z* = maxjz/, z** = maxjzj**. 

27 



Then finding zj* and z** are instances of Problem III in section 2, so determining z* and z** can be 
regarded as solved problems. 

Now let z*** be the least z ^ satisfying (5.1.12), which we rewrite as 

Sj max {sj- — L(Sj), Si €< sj max {0, (A// — L«) — z/wi}} ^ 1 — S/Lj, 
and let z**** be the least z ^ satisfying (5.1.13), which we rewrite as 

Sj max {U(Sj) — 5j + , S/e5j max {0, (£/,• — ra;) — z/w;}} ^ 2/f// — 1. 

Then 

z min = max{z°,z*,z**,z***,z****}, 

where the determination of z°, z* and z** has already been discussed. But finding z*** and 2**** are 
instances of (solved) Problem IX in section 2. The associated minimax adjustment problem is 
similarly solvable; we omit details. 

5.2. Componentwise Rankings and Subvectors 

In section 4 we used the notation Xj for the subvector of x with components {xf.ieSj}. Let 
a(j) = \Sj\ and let {x^Y^i] be an enumeration of the components of Xj. In this subsection we 
assume the "incomplete information" on x, apart from the disaggregation conditions. 

sj- *s x(Sj) *£ 5/ (5.2.1) 

and the ubiquitous 

2/*/ = l, (5.2.2) 

to be a prescribed rank order within each subvector, 

xj ^ X2 > ^ • • . ^ x iT{j) K (5.2.3) 

We begin by determining the Mi and mi. If x% = x r j , write w r j , M r J and m r j for w\,M\ andra*. The 
analysis proceeds in two steps. 

First, assume the vector s with sj = tl(Sj) is known. Then for eachye{l,2, , m}, a rescaling by 

1/sj converts the problem into that leading to the previous equations (3.2.2-4). Thus, using a func- 
tional notation to express dependence on Sj, we have 

M t J( Sj ) = Sjl[cT(j) + l-r\. 
m^'(s/) = if r<o-(/), 

m <r(j) j (Sj)=Sjla(j). 

Second, we take into account the possible range of variation of Sj, constrained as it is by 

sf ^ sj ^ sj + (5.2.4) 

2fiJ = l. (5.2.5) 

Determining this range is precisely the problem solved earlier to yield eqs. (3.1.13-14). Thus we ob- 
tain 

M r J = min {sj\ 1 - X M j Sj -}l[(T(J) + 1 - r], (5.2.6) 

m r J = Xr<<r(J), (5.2.7) 

m aiJ) J = max {s.r, 1 - Zj*jSj + }/(t(J). (5.2.8) 
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For the main analysis, we wish to determine the least z ^ for which an x exists satisfying 
(5.2.1-3) as well as 

max {0, Mj — z/wi} ^ x\ ^ nii + zlwi. 

Again we proceed in two steps, first treating all sj = tl(Sj) as known. Thus for ally, we seek a subvec- 
tor Xj which satisfies (5.2.3) as well as 

max {0, M,J - zjwj) ^ xj ^ ra^' + zW (5.2.9) 

for 1 ^ r ^ cr(j) , and 

$<rU) Xj J = Sj . (5.2.10) 

This is an instance of Problem II in section 2; the conditions for solutions Xj to exist read 

max {0, Mj - zlw,J} ^ m^ + zM (r ^ R) (5.2. 1 1) 

IfJl max^ r {0, M^-Z/wrJ} ^ Sj , (5.2.12) 

2^7 mmR^ t .(m,<J + zlwi<J) ^ s } . (5.2.13) 

Here (5.2.11) does not involve sj; the least value of z which satisfies it is readily found via 

Zj °= max, * r * r <<rV) {(Mj - m^Kl/WfJ + l/u>*9}, (5.2.14) 

2° = max {0, maxjz/}. (5.2.15) 

Next, rewrite (5.2.12) as 

Syjtf max {0, m*XR<r(MRJ-zlwit>)} ^ sj (5.2.16) 

and repeat (5.2.13) as 

X^Hl min R *r(mRJ + zlwRJ) ^ Sj. (5.2.17) 

The question of existence for a vector s obeying both (5.2.4-5) and (5.2.16-17) is an instance of 
Problem I in section 2; the conditions for existence are 

max {sj~, 2<7 max {0, m3LX R ^ r (M^ — zIwr*)}} ^ min {$,+, 2?i>7 minR^ r {mR j + z/wrJ)} (5.2.18) 
for ally, and 

2j max {sj", 2<>7 max {0, max R ^ r (M R J - z/w R J)}} ^ 1, (5.2.19) 

Sj min { 5j +, 2^7 minn^rimRJ + zlwRJ)} 5* 1. (5.2.20) 
The new information deducible from (5.2.18) consists of the two inequalities 

2^ } max {0, maxR^r(MRJ-zlwRJ)} ^ Sj + , (5.2.21) 

r=l 

2^7 minR&rimRJ + zIwrJ) ^ Sj - . (5.2.22) 

Finding the least z ^ satisfying (5.2.21) is an instance of unsolved Problem V in section 2; similarly 
for (5.2.19) and unsolved Problem X. In view of (5.2.7), relation (5.2.22) can be rewritten 

(m j + zlw*) + 2 r < <r(j) min {m J ; + z/wV, z/v,**} ^ Sj~ 
Cm-' = m (r0 V, u>> = w iT {ji, vj = max r ^<o- )W;, (5.2.23) 
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and the least z ^ satisfying it can be found using the technique illustrated near (3.2.20-23) in the 
. previous text. Finding the least z ^ obeying (5.2.20) is a priori an instance of unsolved Problem XI, 
and appeal to (5.2.7) has not so far yielded reduction to a solved Problem despite the initial simplifi- 
cation to 

Sj min {sj + , m?+zlw> + £r < «r0) min {^ + zW z/iV'}} ^ 1. (5.2.24) 

In view of these difficulties, we first specialize to the case 

{w r j } a Mi nondecreasing, for ally. (5.2.25) 

Then (5.2.19) and (5.2.21) become 

Sjmax {*,-, 2^ max {0, M r J-z/w t J}} ^ 1, (5.2.26) 

%°Hi max {0, MrJ-z/WfJ}* sj + . (5.2.27) 

and so can be handled as instances of (solved) Problems IX and III respectively. The treatment of 
(5.2.23) simplifies as in the analysis leading to (3.2.26). Equation (5.2.14), or more directly (5.2.11), 
gives 

Zj ° = iwJ-(MJ-mJ) (MJ = M (rij) ->). (5.2.28) 

However, (5.2.24) still appears recalcitrant despite the additional information vj ^ u^. 

We therefore retreat still further, to the semi-weighted case {w\= Wj for all ieSj). Now (5.2.23) 
admits explicit solution 

z*Wjsj--mf]lo(j). 

Most important, the previous maverick (5.2.24) becomes equivalent to 

Xj max {0, ( Sj + - mf) - <r(j)zlWj} ^ XjSj + - 1 (5.2.29) 

so that its treatment is an instance of (solved) Problem III. 

We turn now to the minimax adjustment problem. Let a,i = aj if Xj = xA and again begin by 
treating s as if it were known. Then the constraints on the components of subvector Xj read 

max {0, aj — zjwj) ^ xj ^ aj + z\wj, 

Xi j *^XJ ^ . . . ^ Xo-(j) j . 

The conditions for such an Xj to exist are 

max {0, max/? ^ ,-(W — zlw R j )} ^ min* ^ i(aj + z\wtf), (5.2.30) 

S^ max {0, max^ r (a R J -z/w R J)} ^ sj, (5.2.31) 

S^min/^r (orI + zM) ^ sj. (5.2.32) 

The least z satisfying (5.2.30) is given by 

zj° = max, ^ R {(V - aj#/(I/W + IM)}. (5.2.33) 

The conditions for the existence of an s satisfying (5.2.31-32) as well as (5.2.4-5) are 

maix{sr ^^ max {0,max R ^ r (a R J - z/wrJ)}} ^ min {5/, 2^ } min^r (an* + zlw R j )}, (5.2.34) 
lj max {sj-, S r ^>max{0, max^r (a R J -zlw R J)}} ^ 1, (5.2.35) 
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2,-min {sf, l^mm R ^r (a^+zlw^)} ^ 1. (5.2.36) 

The new information from (5.2.34) is given by 

X<*J} max {0, max//- r (a^-z/w^)} ^ 5j + , (5.2.37) 

2^ min/^ r (ani + z/wj^) ^ sj". (5.2.38) 

Here we have instances of unsolved Problems V, VI, X and XI; again we pass to the semi-weighted 
casewV = Wj. It is convenient to define 

bjj = maxft^ r fl/? J , Cfi = mmRzsrQ>R? • (5.2.39) 

Then (5.2.33) yields 

Zj °=iWjmaiXr(brl-Cr j ). (5.2.40) 

Relation (5.2.37) becomes 

2#lmax{0,V-*/JP}}*5/ + , (5.2.41) 

so determining the least value zf of z ^ which satisfies it is an instance of Problem III; the least 
value of z which satisfies (5.2.38) is 

Zj ** = [sf - 1?J > Cr > ) ] WjlvU ) • (5.2.42) 

Continuing, (5.2.35) becomes 

2j max {sf -S; r ii -) max {(). /V - z/Wj}} ^ 1. (5.2.43) 

while (5.2.36) becomes equivalent to 

2; max {0, [sj + -2?2}cr>] -*rOWj} ^ XjSj + -1. (5.2.44) 

Finding the least values of z ^ which satisfy these (2*** and 2 ****) are instances of Problems IX 
and III. Thus finding the appropriate z min can again be regarded as a solved problem. 

5.3. Both Componentwise Bounds and Rankings 

In this subsection, we impose both the constraints of the previous two subsections. Thus, writ- 
ing L,J and cV for L\ ^ and Ui ^ 1 iixi = x^ our polyhedron P in x-space is defined by 

Lj^xj^Uj (5.3.1) 

XfJ}Xr j = Sj, (5.3.2) 

xj^xjK . . .*%„&*, (5.3.3) 

*r^*J*sj + * (5.3.4) 

2^ = 1. (5.3.5) 
Without loss of generality, it may be assumed that 

{L r j }?9} and {U r j } ( r { M are nondecreasing, (5.3.6) 

L(Sj) = XrLJ ^ Sf ^ sf ^ ZrU t J = U(Sj ) . (5.3.7) 
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We first determine the conditions for P to be nonempty. For given s, finding an Xj satisfying 
(5.3.1-3) is an instance of Problem II; using (5.3.6), the conditions for a solution to exist are 

L t J ^ l)r>, (5.3.8) 

2 r jy ^ sj s= s r ty. (5.3.9) 

It will be assumed that (5.3.8) holds. In view of (5.3.7), (5.3.9) is already implied by (5.3.4) and so can 
be ignored. Thus the remaining condition for P to be nonempty is the existence of an s satisfying 
(5.3.4) and (5.3.5); this is an instance of Problem I, and the only new condition introduced is 

IjSj- ^ 1 ^ Xtf. (5.3.10) 

Assume for the moment that the Mi and rm appropriate to this polyhedron P are known, and ob- 
serve that 

{M r j }° { Jl and {m r J }^l are nondecreasing. (5.3.11) 

We wish to determine the least z ^ for which an x and s exist satisfying (5.3.1-5) as well as 

max {0, MjJ - zjw^} ^ xj ^ mj + zM. (5.3.12) 

The conditions for the existence of an Xj satisfying (5.3.12) as well as (5.3.1-3) are 

max {/V, M,J - z\w r ] } ^ min {cV, mrf + zM] (r ^ R), (5.3.13) 

S^ max/^,- max {Lr>, MrJ-zM} ^ s J9 (5.3.14) 

2^1 miiiR^r min {Ur>, m R J + zlw R J} ^ sj. (5.3.15) 

The least z 5= satisfying (5.3.13) is given, as in (5.2.14), by 

zj° = max {0, max, ^ r ^ R * a(j) {(M,J - m^)l(llwj+lM)}}. (5.3.16) 

Next, by Problem I, an s satisfying (5.3.4-5) as well as (5.3.14-15) exists if and only if 

S ( ; ( Jj max«„- max {Lr>, M R J -z/w R J}^ Sj + , (5.3.17) 

Z a V\ miiiR^r min {Ur>, m R J + z/w R J} ^ Sj~, (5.3.18) 

Sj max {sj~, S^'i max^r max {L R J, M R J — z/w R J}} ^ 1, 
Sj min J5j + , SjJlf min^,- min {f/V, ra/^ + z/ttV}} 5* 1. 

The last two relations can be rewritten, using (5.3.6), as 

Sj max {sj~, %r=l max {L r j , ma.x R ^ r (M R J — z/w R J)}} ^ 1, 
Sj min {5j + , 2*yi min {f/^', min R ^ r (m R J + z/w R J)} ^ 1. 
These in turn can be rewritten 

Sj max {sj--L(Sj), S^ max {0, max R ^ r (M R J - Lj - z/w R J)}} ^ 1-S/L/, (5.3.19) 

Sj max {U(Sj)-5j + , 2^ max {0, max R ^ r (U R J - z/w R J)}} ^XiU ( - I. (5.3.20) 

Since (5.3.17) can be written 

S^V max {0, max R ^ r (M R J-L t J-z/w R J)} ^Sj+-L(Sj), (5.3.21) 
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finding the least z ^ which satisfies it is an instance of (unsolved) Problem V; the same is true for 
(5.3.18), which can be rewritten 

2^7 max {0, msLX R >r(Ur j -m R J-zlw R J)} ^ V(Sj) -Sj~. (5.3.22) 

Finding the least 2^0 which satisfies (5.3. 19) and (5.3.20) is an instance of (unsolved) Problem X. 

In view of these difficulties we again withdraw to the semi-weighted case {w r ^ = Wj). Then 
(5.3.16) becomes 

Zj° = Wj max r (M r J-m r J). (5.3.23) 

(5.3.21) and (5.3.22) become 

2«<tf max {0, (M r j -L r J-zlWj)} ^5 j + -L(S j ), (5.3.24) 

IfJi max {0, (U r J-m r J)-z/Wj} ^ V(Sj) -5,-, (5.3.25) 

so that finding the least z ^ (call it zf) satisfying (5.3.24), or the least z^0 (call it zf*) satisfying 
(5.3.25), is an instance of Problem III. Similarly, (5.3.19) and (5.3.20) become 

Sj max { 5j --L( 5j ), IfJ} max {0, (M r J- L r J) -z/Wj}} ^ 1-2«I«, (5.3.26) 

Sj max {U(Sj)-Sj+, 2$Jl max {0, (UrJ-m^-zlWjH^XtUi-l. (5.3.27) 

Finding the least z ^ (call it z***) which satisfies (5.3.26), or the least z ^ (call it z ****) which 
satisfies (5.3.27), is an instance of Problem IX. Thus, determining the desired 

z min = max {max/z/, z/ : , z/*} , 2***, z****} 

can be regarded as a solved problem, given the M* and m\. 

We turn now to the associated minimax adjustment problem. First, finding an Xj which satisfies 

in addition to (5.3.1-3) is an instance of Problem II; a solution exists if and only if 

max {ZV, aj - zjw^} ^ min {Ur>, a/^' + z/wV} (r ^ R), (5.3.28) 

2<V max/Kr max {Lr } , a R J — zlw R j } ^ s } (5.3.29) 

SjriV min/^,- min {£/*•>, a I{ > + zlw R >} ^ sj. (5.3.30) 

The least z ^ satisfying (5.3.28) is given by 

Zj ° = max {O^z/ 00 }, (5.3.31) 

where 

zj~ = max r$fi [( ar j _ a&KHwJ + I/m;**)], (5.3.32) 

z/°° = max r ttVmax(/V — flf*, aj — U/). (5.3.33) 

Next, an s satisfying both (5.3.4-5) and (5.3.29-30) exists if and only if 



V{L j) x max/^r max {ZV, a H J —z/wr' 1 } ^ Sj + 
2jTi# min/j^r min {IV, a R i + zlw R 3 } ^ sf 
Sj max J5j", S^i maxft^r max {L/j J \ a« j — z/w« j }} ^ 1^ 
Sj min {sj + 9 2^ min w ^ r min {i/« j , a R i f + a/w R j }} ^ 1. 

33 



(5.3.34) 
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These four relations can be rewritten, respectively, as 

%&} max {0. maxR*r(aR>-Lr1-zlwRJ)}*ZSj + -L(Sj) 9 (5.3.35) 

£?<# max {0. m8Lx R ^ r (Ur j -a K J-zlw R J)} ^ U(S/) -Sj~, (5.3.36) 

2j max {sj--L(Sj), 2^ max {0. max^ r (a fi J- L r ->-zW)}} ^ 1-2/L/, (5.3.37) 

Sj max {U(Sj)-5/, %?¥} max {0, max^r(^-flft^zW)}} *£ %Ui- 1. (5.3.38) 

Finding the least z ^ which satisfies (5.3.35) or (5.3.36) is an instance of unsolved Problem V; 
finding the least z ^ which satisfies (5.3.37) or (5.3.38) is an instance of unsolved Problem X. Thus 
we revert to the semi- weighted case. Then (5.3.31) yields 



■■iWjmaxr (b r j -c r J), (5.3.39) 



where b^ and cj are denned in (5.2.39). 
Relations (5.3.35-38) become 



Sgtf max {0, (b r j -L t J) -z/Wj} ^ s/ -L(Sj), (5.3.40) 

X{Sfl max {0, (cV-CrO -z/Wj} ^ V(Sj) sj-, (5.3.41) 

2j max { 5j --L(S j ), £gfl max {0, {b^-L^) -z/Wj}} ^ 1-2/1/, (5.3.42) 

2j max {U(Sj) -5j + , Sgfl max {0, UJ - CfJ - z/Wj}} ^ 2**7—1. (5.3.43) 

Finding the least value of z ^ (called z/, zj**, z***, 2 **** respectively) which satisfies each of 
these is an instance of either Problem III or Problem IX. Thus the determination of the desired 

{r oo ooo ^ **1 «*** „***:40 
max; {zj ,zj ,Zj* 9 zf*},z** ,z } 

can be regarded as a solved problem. 

We return now to determining the Mi and nm, i.e., the Mj and ttV, for the polyhedron P in x- 
space defined by (5.3.1-5). Consider a fixed variable Xi = x^. Regarding Sj as given, we can find an 
MrJ(sj) and m^{sj) for the polyhedron Pj in Xj-space defined by (5.3.1-3). Examining the analysis at the 
beginning of subsection 3.3, we find (cf. (3.3.13-15)) that 

Mj(sj) = min {CV, /Vfe)}, (5.3.44) 

mjisj) = max {Lj, qAsj)}, (5.3.45) 

where /V(sj) is the unique p such that 

p + 2/? s. r max {LrJ, p}=Sj — ^ R< r LR> (5.3.46) 

and qjj(sj) is the unique q such that 

4 + 2* < rmin {cV, 4} = sj-Zr^UrI. (5.3.47) 

As noted in subsection 3.3, these equations can be transformed, for any given Sj, into instances of 
(solved) Problem IV. Clearly /V(sj) and qA^j) are increasing functions of sy if tj + and tf denote the 
maximum and minimum possible values of Sj, then 

Mr> = min {Ur> 9 pf(tj + )}, (5.3.48) 

m^* = max {U, qf(tf)} . (5.3.49) 

Finally, the determination of tj + and tf is an instance of the problem leading to (3.1.13-14); the 
results are 
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if = min {*/, 1 -Xj+jsj-} , (5.3.50) 

^" = max {sj~, 1 — Sj^j5/}. (5.3.51) 

5.4. Mixed Componentwise Bounds and Rankings 

In this section, we consider the case in which some components Sj of the "fuzzy" distribution s 
have their disaggregation constrained by upper and lower bounds, while the disaggregations of the 
remaining components are subject to ranking conditions. Specifically, there is a partition 

{1,2,. ..,m}=B UQ 

into nonempty sets, and for convenience we define 

/= U {Sj:jeB}. 

The relevant polyhedron P in x-space is defined by 

^ xj <*i><... x ( r (j )J (jeQ), (5.4.1) 

Li ^ Xi ^ Ui del), (5.4.2) 

XusjXi = Sji (5.4.3) 

sf ^5j^5/, (5.4.4) 

X JS j = l. (5.4.5) 

It will be assumed that 

(5.4.6) 
(5.4.7) 
(5.4.8) 

We first observe that for any s satisfying (5.4.4-5), there exists an x satisfying (5.4.1-3). Indeed, 
for each jeQ there is clearly an Xj obeying (5.4.1) and (5.4.3); for each jeB the existence of an Xj 
satisfying (5.4.2) and (5.4.3) is an instance of Problem I, and the associated conditions 

Li^UuUSjl^sj^lJfSj) 

are indeed satisfied, by virtue of (5.4.6-7). 

Next we determine the Mi and m,. First, for each jeQ, the corresponding M r j and m r j are as in 
subsection 5.2 (see (5.2.6-8)); this follows from the observation above. Next, for a fixed jeB, ieSj, and 
Xi€[Li,Ui], consider Problem I applied to Xj with S = Sj, Ai = Bi = xu and 

A k = L k , B k =U k for keSj- {i} . 

The conditions for a solution are 

xt + £fc#iL* ^ Sj ^ Xi + XkrtUu 

so that (with S(j) =Sj) 

Mi(sj) = min {U u sj - X k€ s<j)-{i}L k }, (5.4.9) 

mi(sj) = max {L„ Sj — Xk€S(j)-{i)U k }, (5.4.10) 

for ieSj, jeB. Since Mi(sj) and rrii(sj) are nondecreasing in Sj, Mi is obtained as Mi(tj+) and ra> as m\(tj~) 
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ZjSf *s 1 ^ 2,5/. 





where tj + ,tj are the maximum and minimum possible values of Sj, given in (5.2.49-50). Thus 

Mi = m'm{UuSj+ — 2<k€S(j)-{i}Lk, 1 - £/##,- — %kcS(j)-{i}L k } , (5.4.11) 

ra, = max {LuSj-—Xkcs<j)-{i}Uki 1 — Sj#j5// — 2,k€S<j)-{i}tU k }. (5.4.12) 

The minimax selection problem will now be taken up. For each jeB, the conditions on Xj are 
max {Lu Mi — z/wj} ^ %\ ^ min {Uu mi + z/wi} (ieSj), 

% € S(j)Xi = Sj. 

These conditions can be met, for z ^ 0, if and only if 

z^z j ° = imaiXi € s j Wi(M j -m i ) (jeB) , (5.4.13) 

Zusj max {Lt 9 Mt — zlwt} ^ sj (jeB), (5.4.14) 

% i€Sj min {[/*, mi + z/wi} ^ Sj (jeB). (5.4.15) 

For each jeQ, the conditions on Xj are (5.4.1), (5.4.3), and 

max {0, Mj - z\wr>} ^ V ^ mj + zlwj. 
These conditions can be met, for z ^ 0, if and only if 

max {0, M t J - z/w ? J} ^ mj + zM (r ^ /?), (5.4.16) 

2; r y> max/;,, max {0, M R > - zlw R } } ^ 5j (jeO) , (5.4.17) 

Ifj} miring (m H j + z/wjrO ^ s,- [/€(>). (5.4.18) 

The new information from (5.4.16) is 

z ^ zj°° = maxr^R [(M t J - tM/Q/wV + 1/W)]. (5.4.19) 

Next, an s satisfying (5.4.4-5), (5.4.14-15) and (5.4.17-18) can exist if and only if 

l ieS j max {Li, Mi-z/wj} ^ sj + (jeB), (5.4.20) 

Xusj min {£/;, nn + zlwi] ^sf (jeB), (5.4.21) 

2?<# max,,,, max {0, MrJ-z/wr->} ^ s/ (jeQ) , (5.4.22) 

S^y/ min,^,. (m K J + zlw K J) ^ sf (jeQ), (5.4.23) 

% J€B max {s/~, S/ €l s y - max {Li, Mj—z/iVi}} 

+ 2j € q max {s/-, ZfJl max^ r max {0, M R -> - z/w R ->}} ^ 1, (5.4.24) 
XjeB min {sj + , 2^ min {£/;, m/ + z/w;/}} 

+ XjeQ min {s,\ 2;riV miriR^r (m R J + zlw R ->)} ^ 1. (5.4.25) 

For jeB, let z/ and zj** be the least values of z ^ satisfying (5.4.20) and (5.4.21) respectively. 
Writing these relations as 
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! i€S . max{0, (M t -Li) -z/wt} ^ Sj +-L(Sj), 
S/ e \. max {0, {Uj — mj) —z/wj} ^ U(Sj) — S/~, 



(5.4.26) 

(5.4.27) 



we see that finding zf and z/* are instances of Problem III. 

For jeR, let zf and */* be the least values of z ^ satisfying (5.4.22) and (5.4.23) respectively. 
Their determination is an instance of unsolved Problem V or VI respectively, and so we now special- 
ize to the case 

w\ = Wj (ieSj, jeQ) . 



(5.4.28) 



Then (5.4.22) yields 



Sgtf max {0, Mr'-zlWj) ^ Sj \ 
so that determining zj* is an instance of Problem III. Relation (5.4.23) yields 

z,-** = max {0, Wjlsr-Xusjm^lcrU)} (jeQ) (5.4.29) 

where the sum can be evaluated using (5.2.6-8). Relations (5.4.24) and (5.4.25) become equivalent to 
2j ( tf max {sj- — L(Sj) , 2/ €lSj max {0, Mi — z/wi } } 

+ 2, J€ Q max Is,", $us. max {0, Mf-z/Wj}} ^ 1- £*«/£,, (5.4.30) 
2; e/ y max {U(Sj) —Sj\ Xitsj max {0, (£/,• — rrij) — z/wi}} 

+ 2 j€ q max {0, ( Sj + -ZusjTrii) -zcr(j)IWj} ^ £*«/£/* + 2 j€ qS/ h -1. (5.4.31) 

Let z*** and z**** be the least values of z 25 satisfying (5.4.30) and (5.4.31) respectively; then 
determining either of them is an instance of Problem IX. Thus finding the desired 

2min = max {max; {z/, z/°, zj* 9 z/*}, z***, 2;****} 

can be regarded as a solved problem. 

The analysis of the associated minimax adjustment problem is analogous and will not be 
worked out here. 

6. Concluding Remarks 

The following table summarizes the status of the various topics treated. The material covered 
omits that of subsection 5.4 (which does not fall into the general pattern) and that of subsection 5.0 
(subsumed by subsection 5.1). The status of the minimax selection and minimax adjustment 
problems is essentially the same in every case, so the two are not considered separately. "Ordinary" 
refers to the analyses in section 3, "disaggregation" to the topics in sections 4 and 5. "Bottleneck" 
refers to the unsolved Problem (or Problems) in section 2 which stands in the way of a satisfactory 
solution method for the general weighted problem. 



Situation 


Solved for 


Bottleneck 


Ordinary, bounds 


Weighted 




Ordinary, ranking 


Unweighted * 


V, VI 


Ordinary, both 


Unweighted 


VII 


Disaggregation, bounds 


Weighted 




Disaggregation, ranking 


Semiweighted 


V, VI, X, XI 


Disaggregation, both 


Semi weighted 


V, X 
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